Based on the analysis of stratification structure on random normed modules, we first present the notion of random smoothness in random normed modules. Then, we establish the relations between random smoothness and random strict convexity. Finally, a type of Gâteaux differentiability is defined for random norms, and its relation to random smoothness is given. The results are helpful in the further study of geometry of random normed modules.
Introduction
Guo initiated a new approach to random functional analysis [-], whose main idea is to develop random functional analysis as functional analysis based on random normed modules, random inner product modules and random locally convex modules. In particular, since the essential applications of random functional analysis to conditional risk measures, the idea has also attracted much attention in different aspects [-] . Motivated by these advances, the study of geometric theory of random normed modules has begun in the direction of geometry of classical Banach spaces [] . In [, ] random strict convexity and random uniform convexity are successfully introduced in random normed modules, which facilitates further study on geometrical properties of random normed modules [] . The geometric theory of random normed modules is closely related to the geometry of Banach spaces since a complete random normed module is a kind of random generalization of a Banach space, as demonstrated by [, ] . From the point of view of classical Banach space theory, it is a quite natural topic to give a reasonable definition of random smoothness in random normed modules. Based on the analysis of stratification structure on random normed modules, we first present the notion of random smoothness via that of support functionals for the random closed unit ball in a random normed module. Then, the relations of random smoothness to random strict convexity are established. Finally, a type of Gâteaux differentiability equivalent to that in [] is introduced for random norms, and its relation to random smoothness is given.
The remainder of this article is organized as follows. Section  is devoted to some knowledge indispensable for next two sections. Section  is focused on the definition and basic properties of random smoothness, where Proposition . is of vital importance in this article. As a generalization of the corresponding classical case, Proposition . is a nontrivial result which plays a key role in the proof of Proposition .. Section  is focused on the Gâteaux differentiability of random norm, where some inequality techniques are employed in combination with stratification analysis in random normed modules to derive the main result Theorem ..
Throughout this paper, we adopt the following notations []: ( , F, P) denotes a probability space, K is the scalar field R of real numbers or C of complex numbers, L  (F , K) denotes the algebra of equivalence classes of K -valued Fmeasurable random variables on in the usual sense. For any A ∈ F , the equivalence class of A, denoted byÃ, is defined byÃ = {B ∈ F : P(A B) = }, where A B is the symmetric difference of A and B. P(Ã) is defined to be P(A). For two F -measurable sets G and D, G ⊂ D a.s. means P(G\D) = , in which case we also sayG ⊂D;G ∩D denotes the equivalence class determined by G ∩ D and so on. 
Preliminaries
In this section, we recall Hahn-Banach theorems for L  -linear functions and a.s. bounded random linear functionals, respectively, the notion of a random normed module together with its random conjugate space, the notion of random strict convexity and frequentlyused notations. Let E be a left module over the algebra
is called an L  -sublinear function if it satisfies the following:
Theorem . below is an important result which will be used in the proof of Theorem ..
Theorem . ([]) Let E be a left module over the algebra L
Definitions . and . below are fundamental notations well known in random metric theory. and · is a mapping from E to L  + such that the following three axioms are satisfied: 
, f ∈ E * and x ∈ E, and the random norm
Remark . In Definition ., we can easily see that
is also an RN module, we can have its random conjugate space 
consequence, for any x ∈ E, there exists g ∈ E * such that g(x) = x and g
Notations in Definition . below were heavily used in the study of random strict convexity and random uniform convexity [] in order to analyze the stratification structure of E.
called the support of x, and we briefly write
Random strict convexity is as follows. 
and
Then the equivalence class of (ξ  ) - , denoted by ξ - , is called the generalized inverse of ξ ; the equivalence class of |ξ  |, denoted by |ξ |, is called the absolute value of ξ . When
Random smoothness
In this section, (E, · ) is always an RN module over K with base ( , F, P) and (E * , · * )
its random conjugate space.
Proposition . Let f be an element in E
The notion of support functionals is a preparation for that of random smoothness. Remark . By Theorem . each point x  in S(E) is a support point of U(E) and therefore gives rise to at least one support hyperplane for U(E) that supports U(E) at x  .
, the following statements hold:
, from which we can see that
We only need to show that
Assume by way of contradiction that there exists
On the other hand, by the definition of y and D  we have that Re
which contradicts the fact that
Re
Thus P(D  ) = . Therefore, P(D ) =  and this completes the proof.
Definition . In an RN module (E, · ), an element x  of S(E) is called a point of random smoothness of U(E) if H(I
A f  f  f  , x  ) = H(I A f  f  f  , x  ) for any two support functionals f  , f  for U(E) at x  with P(A f  f  ) > 
. E is said to be random smooth if each point of S(E) is a point of random smoothness of U(E).

Proposition . Suppose that E is an RN module and that x  ∈ S(E). Then the following are equivalent. () x  is a point of random smoothness of U(E); () If both
f  and f  in S(E * ) support U(E) at x  and P(A f  f  ) > , then I A f  f  f  = I A f  f  f  ; () If f  and f  in S(E * ) satisfy Re I A f  f  f j (x  ) = I A f  f  (j = , ), then I A f  f  f  = I A f  f  f  ; () If f  and f  in S(E * ) satisfy f  (x  ) = f  (x  ) = I A f  f  , then I A f  f  f  = I A f  f  f  .
Proof ()⇒(). Assume that
It is easy to see that
we can gte 
()⇒(). Observing that Re
I A f  f  f j (x  ) = I A f  f  = I A f  f  f j * = ∨{Re I A f  f  f j (x) : x ∈ U(E)}(j = , ), namely, both I A f  f  f  and I A f  f  f  support U(E) at x  , we obtain that I A f  f  f  = I A f  f  f  by (). ()⇒() is obvious. ()⇒() Suppose that f  , f  ∈ E * are two support functionals for U(E) with P(A f  f  ) > , namely, Re f j (x  ) = ∨ Re f j (x) : x ∈ U(E) = f j * (j = , ).
It is enough to show that H(I
A f  f  f  , x  ) = H(I A f  f  f  , x  ) by Proposition .(). Clearly, Re I A f  f  f  * - f  (x  ) = Re I A f  f  f  * - f  (x  ) = I A f  f  , I A f  f  f  * - f  , I A f  f  f  * - f  ∈ S E * . From f  * = Re f  (x  ) ≤ f  (x  ) ≤ f  * x  = f  * · I A x  ≤ f  * it follows that |f  (x  )| = f  * , namely, | Re f  (x  ) -i Re f  (ix  )| = f  * ,
which together with
Re f  (x  ) = f  * implies that Re f  (ix  ) = ; consequently, f  (x  ) = Re f  (x  ) = f  * . In the same way, f  (x  ) = f  * . Thus I A f  f  ( f  * ) - f  (x  ) = I A f  f  ( f  * ) - f  (x  ) = I A f  f  . Then by () I A f  f  ( f  * ) - f  = I A f  f  ( f  * ) - f  . Therefore, H(I A f  f  f  , x  ) = H(I A f  f  f  , x  ).
Corollary . Suppose that E is an RN module and that x  ∈ S(E). Then the following are equivalent. () E is random smooth; () For each x ∈ S(E), if both
The relations between random smoothness and random strict convexity are described by Theorems . and . below.
Theorem . Suppose that E is an RN module. If E
* is random strictly convex, then E is random smooth.
Proof Suppose that E is not random smooth, by Corollary ., there exist x ∈ S(E) and
By the random strict convexity of
Theorem . Suppose that E is an RN module. If E * is random smooth, then E is random strictly convex.
Proof Assume by way of contradiction that E is not random strictly convex, then there exist x  , x  ∈ S(E) and D ∈ F with D ⊂ B x  x  and P(D) >  such that
By Theorem ., there exists f  ∈ E * such that
we have
where
Since E * is random smooth, by Corollary . we can ob-
Proposition . Let E be a random reflexive RN module. Then the following hold. () E is random strictly convex if and only if E * is random smooth; () E is random smooth if and only if E * is random strictly convex.
Proof Since the canonical embedding mapping J is random-norm preserving and linear, and J(E) = E * * , it is a straightforward verification by Theorems . and ..
Gâteaux differentiability of random norm
In classical normed spaces the function t → ( x  + ty -x  )/t from R\{} to R plays an important role in Gâteaux differentiability of the classical norm [] . Motivated by this, we consider in an RN module (E, · ) the mapping f defined by
where x  is a fixed element in S(E). It is feasible to define the Gâteaux differentiability of random norm via f (t, y) and establish its relation to random smoothness. It should be pointed out that some terminologies and properties in this section are closely related to 
Proof (). It is clear that
we obtain that
The proofs of () and () are similar.
Then G + (x  , y) and G -(x  , y) satisfy the following:
The proof of the other equality is similar. (). Notice that
In fact, for any positive numbers t  and t  ,
Consequently, the left-hand side of () is not less than the right-hand side, so that () can be easily verified. Then, by the following
it is easy to see that
which implies that
The Gâteaux differentiability was defined for proper local functions from a random locally convex module toL  (F ) in [], Definition .. Since a random locally convex module is a generalization of a random normed module and a random norm is L  -convex, it is easy to see that a random norm is also a proper local function. For random norms we present the following definition of Gâteaux differentiability, which is equivalent to that in [], Definition .. Under Definition . we can establish the relations among supporting functionals, points of random smoothness and Gâteaux differentiability of random norms.
Definition . Let (E, · ) be an RN module, x  ∈ S(E) and y ∈ E. Then G -(x  , y) and G + (x  , y) are respectively called the left-hand and right-hand Gâteaux derivative of the random norm · at x  in the direction y. · is called Gâteaux differentiable at x  in the direction y if G -(x  , y) = G + (x  , y), in which case the common value of G -(x  , y) and G + (x  , y) is denoted by G(x  , y) and is called the Gâteaux derivative of · at x  in the direction y. If · is Gâteaux differentiable at x  in every direction y ∈ E, then it is called Gâteaux differentiable at x  . Finally, if · is Gâteaux differentiable at every point of the random unit sphere S(E), then · is said to be Gâteaux differentiable. 
Remark . It is obvious that
Proof (). (⇒)
. Assume by way of contradiction that · is not Gâteaux differentiable at x  . Then there exists y  in E such that G -(x  , y  ) < G + (x  , y  ), namely, P(M) > ,
